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Abstract 
The distinctive paper is devoted to problems of solution of fluid flows, modelled using the Navier-Stokes or Euler equations, and 
coupled with structures (solids). Brief literature review is presented. Problem formulation, finite element discretization, 
simultaneous and partitioned solution procedures, are discussed, and advantages and disadvantages of their use are mentioned. 
Some state-of-the-art numerical solutions, obtained by ANSYS Mechanical, ANSYS CFX and ABAQUS, are also presented to 
indicate problems that can now be solved using currently available techniques. 
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1. Introduction 
Generally fluid structure interaction (FSI) means the interaction of some deformable structure with a surrounding 
internal fluid flow. The analysis of corresponding coupled system is one of the most important and challenging 
multi-physics problems, which are aimed to treat by numerical simulations. Solutions of such problems are normally 
required in diverse applications, ranging from small-scale micro pumps over blood flow in arteries, to 
biomechanical systems, break systems (optimization and control), computer disk readers, objects in a wind tunnels 
up to unique buildings [15]. Thus, research and development of more effective finite element methods (FEM) for 
solution of FSI problems is apparently important. The challenges with respect to mathematical modelling, numerical 
discretization, solution techniques, and realization as software tools on modern computer architecture are still huge, 
even at this stage, particularly if accurate, correct, flexible and highly efficient approach should be realized [7].  
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Historically various strategies have been proposed to solve FSI problems, and the selection of the most effective 
approach in each case strongly depends on the characteristics of the problem to be analyzed.  
It must be emphasized that the mathematical model, describing fluid behavior, plays a decisive role in the 
selection of optimal solution procedure. For instance, if the fluid is modeled using the acoustic approximation, a 
potential formulation can be used to solve the problem and the degrees of freedom of the fluid are reduced to one 
per node. Alternative approached have been proposed, in particular, by Bathe K.J. [9,15,16], DeRuntz J.A. [11], 
Felippa C.A. [11], Morand H.J.P. [8], Ohayon R. [8], Olson L.G. [9], Park K.C. [11], Wang X. [16]. 
2. Finite element formulation of the problem 
Lagrangian formulation of motion (i.e. particles are followed in their movement) is employed is normally 
employed to model the behavior of solid media. Eulerian formulation is usually used for a fluid flow analysis 
(behavior of the fluid at a particular position in space is of interest). However, so-called arbitrary Lagrangian-
Eulerian (ALE) description of motion [4] is preferable if we are considering fluid flow interacting with a solid 
medium and/or a fluid with a free surface (the fluid domain changes as a function of time). It should be noted that 
since the fluid flow equations are expressed using the ALE formulation of motion, the unknowns to be calculated 
include the displacements of the finite element mesh nodes. Let’s consider the (almost) incompressible Navier-
Stokes equations in the modelling of the fluid flow together with the equations of a general solid medium discretized 
using the displacement or displacement/pressure formulations [15] (without thermal effects).  
The linearized discrete equations of a structure / solid medium (without dissipation) at time t  have the form 
 
uuuu FRuKuM   ,                                                                                                                                           (1) 
 
where uM  is the mass matrix; uK  is the tangent stiffness matrix; u  is the vector of incremental nodal point 
displacements; uR  is the vector of externally applied forces; uF  is the vector, containing known terms of the 
linearization; if displacement / pressure finite element formulation is employed to discretize the structural equations, 
then pressures must be included in u  [1]. 
For the ALE fluid flow equations of motion, the linearized Navier-Stokes discrete equations have the form 
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where QM  is the mass matrix of the fluid flow; QK  is the tangent coefficient matrix of the fluid flow; QMˆ  and QKˆ  
are tangent mass and coefficient matrices corresponding to the linearized ALE terms which couple with the mesh 
movement; v  is the vector of incremental nodal point velocities; uˆ  is the vector of incremental mesh 
displacements; vˆ  is the vector of incremental mesh velocities; QR  is the vector of discretized externally applied 
forces; QF  is the vector, containing known terms from the linearization; pressure terms were omitted for simplicity. 
The nodal point displacements of the mesh are calculated at FSI interfaces, free surfaces or fluid-fluid interfaces, 
and are prescribed at other moving boundaries. Nevertheless, the displacements of internal mesh nodes (those that 
are not on an interface) can be arbitrarily specified with the objective to keep the mesh regular at all times. Various 
procedures are used in practice to compute the mesh movement. One of the most popular ways of obtaining the 
movement of internal fluid nodes includes solving a Laplace or pseudo-structural equation for the mesh with 
boundary conditions given by the displacements of the mesh at interface surfaces or moving boundaries. This 
approach is normally efficient if the fluid mesh does not become too distorted. For problems in which the fluid 
domain changes drastically from the initial condition to some intermediate configuration, the mesh-updating 
procedure requires the use of more advanced techniques such as to allow the mesh nodes to slip along interfaces, the 
use of leader-follower nodes and mesh repair procedures [3]. 
To solve an FSI problem with the use of FEM, equations (1) and (2) can be coupled by equilibrium and kinematic 
conditions at the interface [14,15].  
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Using the superscripts FSI  , ,  to indicate fluid / structure interface and interior fluid and structure / solid degrees 
of freedom respectively, and assuming that no external forces are applied at the interface, the equilibrium and 
compatibility conditions at the fluid-structure interface can be expressed as 
 
0  Iv
I
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II   ,                                                                                       (3) 
where u , uˆ  and vˆ  are the increments in the nodal displacements, mesh displacements and mesh velocities (and 
clearly the total nodal displacements, mesh displacements and mesh velocities satisfy the same equations). 
The fourth of conditions (3) is usually difficult to satisfy and actually not satisfied exactly in general for all time. 
However, the condition can be relaxed provided the solution of the (linearized) coupled equations is obtained with a 
numerically unconditional stable time integration scheme.  
Since the movement of the interior mesh nodes is a function of the movement of the interface nodes (or in 
general the boundary nodes), it will be assumed, for simplicity of notation, that the effect of the mesh motion is 
contained in the matrices QM  and QK  that the mesh motion is applied to the interface degrees of freedom only. 
Them we can rewrite (2) in the form 
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where Fu  corresponds to the vector of increments of internal fluid particle displacements which are not calculated. 
Using equations (1), (4) and the first equation from (3), the coupled FSI equations are [15] 
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In order to solve equation (5), the time derivatives need to be discretized. Without loss of generality, after use of 
the time integration scheme, the coupled discrete finite element equation (5) can be written as [15] 
 
»
»
»
»
¼
º
«
«
«
«
¬
ª

»
»
¼
º
«
«
¬
ª
 
»
»
¼
º
«
«
¬
ª
»
»
»
¼
º
«
«
«
¬
ª

F
v
I
v
I
u
S
u
F
v
S
u
F
I
S
FF
v
FI
v
IF
v
II
v
II
u
IS
u
SI
u
SS
u
F
FF
F
R
R
U
U
U
KK
KKKK
KK
~
~~
~
0 
~~0
~~~~
0~~
,                                                                                           (8) 
 
where K~  represents the linearized coefficient matrix; U  is the vector of incremental nodal point displacements / 
velocities; R  is the vector of discretized externally applied forces; F~  is the vector, containing known terms from 
the linearization and time discretization; it should be noted that SU  contains displacements, FU  velocities and in 
IU , in general, either velocities or displacements are considered (displacements are preferable). 
It is frequently convenient to discretize an FSI problem using completely different meshes for each field. Usually, 
due to the nature of fluid flows, finer meshes are needed for the fluid domain (when employing the Navier-Stokes or 
Euler equations to model the fluid flow) than for the discretization of the structure. However, regardless of the 
meshes employed in the discretization of the fluid and structure, the equilibrium and compatibility conditions at the 
fluid-structure interface must be satisfied [15]. To guarantee that equilibrium is satisfied, the forces exerted by the 
fluid onto the structure can be calculated, and this data can be used to construct a part of the fully coupled FSI 
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coefficient matrix that couples with the velocities (the effect of IFvK
~  and IIvK
~  but using velocities as state variables). 
To compute the components of the mentioned coefficient matrix, first fluid tractions at the interface )(sf IF  are 
calculated, where s  represents the interface surface. From the traction values, structural nodal forces exerted by the 
fluid onto the structure are obtained 
³ 
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I
F
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w 0   (using a Taylor expansion),                                                                (9) 
where SH  is the structural finite element displacement interpolation matrix evaluated at the interface [1]; T  indi-
cates transpose, and IS  refers to the fluid structure interface; 0F  is the “reference” value of F  (obtained from the 
previous iteration or time / load step), v  the vector of nodal velocity increments and vF ww /  can be interpreted as 
the above mentioned coefficient matrix that couples with nodal fluid velocities. 
In addition, compatibility conditions must be satisfied between the fluid and structure at the interface. Since 
velocities and displacements at the interface are related by the time integration scheme, we can express all the 
interface degrees of freedom using displacements. Using the interpolation functions of the structure, the degrees of 
freedom corresponding to the fluid can be expressed as a function of the structural displacements. Hence the fluid 
displacements are given in terms of the structural displacements thus satisfying the compatibility conditions [15].  
3. Solution procedures 
Two main procedures can be employed in the solution of FSI problems: the simultaneous or direct solution and 
the partitioned or iterative solution. In the partitioned procedure the response of the coupled FSI system is calculated 
using already developed fluid flow and structural solvers. In this way, modularity is achieved and the complete 
system is divided into subsystems (which correspond to the fluid and structure / solid, although subdivisions of them 
can also be considered). This approach allows the solution of large systems. When employing a partitioned 
procedure the coefficient matrix of equations (8) is expressed as the sum of an implicit and an explicit part. The 
explicit part is placed on the right-hand side of the equilibrium equations and a predictor (i.e. a known value of the 
corresponding degrees of freedom) is applied to it. The equations are then solved factorizing only the implicit part of 
the coefficient matrix. The idea is to partition the coefficient matrix in such a way that the solution of one field is 
separated from the solution of the other field (with the equations coupled through right-hand side terms). Iterations 
between the field equations are then necessary, at each time or load step, to guarantee convergence of the FSI 
solution. Note that in this manner a fully coupled fluid-structure interaction analysis is performed. A general 
description and applications of partitioned schemes employed in the solution of coupled problems can be found in 
papers of Bathe K.J. [2], Farhat C. [5,13], Felippa C.A. [12], Ji S. [1], Larrouturou B. [5,13], Park K.C. [10,12], 
Piperno S. [13], Wang X. [2], Zhang H. [1,2]. It should be noted that partitioned procedures are most effective in 
case the coupling between the fluid and the structure is weak. It occurs when the structure is very stiff (as compared 
to the fluid) and hence barely deforms.  
In the simultaneous solution procedure, the equations of motion (8) of the coupled problem are established and 
solved all together. This procedure is particularly powerful in case the interaction between the fluid and the structure 
is very strong (i.e. the structural deformation is important). Of main concern when employing a simultaneous 
solution procedure is the number of equations to be solved at the same time. In addition, since the finite element 
discretized equations corresponding to the fluid result in a nonsymmetrical coefficient matrix (when convective 
terms are considered), the complete coupled coefficient matrix must be treated as non-symmetric, which increases 
the amount of computations to obtain the solution. In [14] an efficient direct solution procedure was described, 
which has the advantage that the solution of the structural and fluid equations is not calculated simultaneously.  
4. Numerical sample 
Let’s consider experiment with tank rectangular in shape with dimensions of 1x0.96x0.4 m (height x length x 
width) (Fig. 1) [6]. The tank is made of fiber reinforced acrylic glass with a thickness of 0.02 m and the tank is 
mounted on a 1x2 m shake-table. The response of tank was studied under the harmonic sinusoidal excitation 
)sin()( tDtX lZ ; D  is maximum horizontal amplitude (0.005 m) and Z is horizontal forced frequency (Table 1). 
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Fig. 1. The tank model on the shake-table. 
 
Table 1. The characteristics of test cases 
h/a Ȧl/ Ȧn Ȧl (rad/sec) a (m) h (m) Ȧn (rad/sec) 
1.3 0.791 4.409 0.48 0.624 5.571 
1.3 1.008 5.615 0.48 0.624 5.571 
1.3 1.117 6.221 0.48 0.624 5.571 
0.4 0.788 3.333 0.48 0.192 4.228 
0.4 1.038 4.387 0.48 0.192 4.228 
0.4 1.074 4.543 0.48 0.192 4.228 
 
a)     
b)    
Fig. 2. The time history of sloshing wave height obtained by ANSYS CFX (a) and ANSYS Mechanical (b) under earthquake excitation for some 
considered tanks. Under-resonant state: h/a = 1.3 m;  lZ =4.409 rad/sec (a). Resonant state: h/a = 1.3 m;  lZ =5.615 rad/sec (b). 
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The tank was excited with three horizontal forced frequencies: smaller, closed to and bigger than the first 
fundamental frequency of contained liquid. These frequencies correspond to different conditions such as under-
resonant, near resonant and over-resonant frequencies. 
The main objective of our research was to provide an authentic picture of splashing liquid inside the tank with 
demonstration of its nonlinear properties with the use of advanced software packages ANSYS Mechanical 
(FLUID80, FLUID30), ANSYS CFX (Multiphase Free Surface Flow) and  ABAQUS Explicit (ALE, SPH) [7]. The 
main controlled parameter was selected wave height ( 0K waterH ) near the left wall of the tank (Fig. 1). Selected 
comparison of results of numerical analysis with the experimental measurements [6] are presented at Fig. 2 and 
Table 2. 
 
Table 2. First fundamental frequency of contained liquid. Comparison between results of 
numerical analysis and experimental measurements. 
h/a [10] ANSYS Mechanical Difference 
Ȧn (rad/sec) fn (Hz) fn (Hz) % 
1.3 5.571 0.8867 0.87017 1.90 
1 5.426 0.8636 0.84947 1.66 
0.7 5.068 0.8066 0.80047 0.77 
0.4 4.228 0.6729 0.67213 0.12 
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